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SOLUTIONS OF EXERCISES. 
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A BODY is projected at an angle of 30° with the horizon, with a given 
velocity. Determine the constant resistance it must suflfer in the direction 
contrary to its motion in order that it may come to rest when it returns to the 
horizontal plane whence it started. Also determine the horizontal range, time 
of flight, and length of trajectory. 

[Jas. M. Ingalls.'] 

SOLUTION. 

Let V be the initial velocity, a the angle of projection, tp the inclination 
at a point of the trajectory where the velocity is v, U&uA u the corresponding 
horizontal velocities, r the constant resistance, and lo the weight of the pro- 
jectile. Put r/w = n. Then we have 



du 
u 



whence 



log u =^ n log tan 



df 
cos tp 



i'^ + 2^ 



C. 



Let Vo be the velocity when ^ = 0, that is, at the summit of the trajectory ; 
then G = log v^, and we have 



u = Vi, tan" 



1 , 1 



u cot" 



1,11 



■UcoV 



1 , 1 



(1) 



Substituting the above value of u in the differential equations 
dt 



dx ■■ 
dy 



— - 8ec^<pd<p, 
9 

see^ifdif. 



i&u<p sec'ifdf, 



ds = '- sec^cpdw, 

9 



58 SOLUTIONS. 

The rise, range, time of flight, and length of trajectory are to be deter- 
mined from the formulae 

r=- C'vH&n^df, (1) T=^ p V sec <pd<p, (3) 

ffJo ff J—i' 

X=- p 7/d<p, (2) S=- r v^seofdip; (4) 

in which the values of v as determined above in terms of (p must be substituted. 

There are two ways offered for determining r : we may put — ^tt for the 
lower limit in the integral (1) instead of and equate the result to zero and 
solve for r ; otherwise equate the values of S in (4) to that in S = Vy2r and 
solve the result for r. Either method gives /• = fg. 

Thus by the former, put 2/-/^ = '«, i^r + ^a = ^, and ^t: -^ ^(p = 6 
for brevity ; then 



becomes 



or 



J tans' (J;r -|- ^^) sec^f tan (p dip =^0 
— S" 

J^^(tan«-«(? — tan« + '^) d (tan 6) = Q, 
tan" -2/9 _ tan»+2y9 



Whence 



w — 2 H + 2 ■ 

tan*/9 - 1 
This gives r = ^g, since a = 30° and /9 = 60°. 

• S = ^^ 
^ 9 ' 
From the same integral we have for the rise, putting 
j^^ F^ cos' 30° ^ 1 F" 
g tan' 60° 4^3 g 
for shortness, 

r= i C'^ v'i&n<pd<p= — \K C^^ (tan-i^ — tan?(?) d (tan 6) 

==-\k\2 tani^ - \ i&nw\ *'^= ^ H . 
4 ( 9 ) ^ 9,>3 g 

In like manner 



SOLUTIONS. 5.9 

Finally 

^= I X", ''^^^'Pdf = ^ ^^ jT^tanl (45'> + if) sec^ d<p 

:.= 4 — C*'^(ta.nW + taiiV(?) d (tan d) == ^^'^^ Z . 
3» iff J 153 ^ 

[W. H. Echols.-] 
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Two sides of a triangle are a and b ; find the average length of the third 
side. \Artemas Martin.'] 

SOLUTION. 

I. Supposing the third side to vary uniformly, let x = the third side ; then 
it is obvious that a + 5 is the greatest value x can have, and a — 5 is the least 
value X can have ; and \ [(a -(- 5) -f- (a — 5)] = a is the average length of the 
third side. Otherwise. Let x == third side, and J = its average length ; then 

J =: C" xdx -f- C" dx, = a, as before. 

*^a — b •^ a — b 

II. Supposing the angle included by the two given sides to vary uniformly, 
let <f be that angle ; then x = )/(«* + S^ — 2ab cos <f), and 

\/{a^ + J* — 2a5 cos (p)d(p -i- \ dtp 

1 Z^" 

= - I t/(«^ + ^^ — 2''J cos tp) (^cj . 

Let ^ = ;r — 2(9, then cos ^ = — cos 2(? = 2 sin*^ — 1, </^ = — 2«?(?, and 
by substitution 

J = ? p" v/(«2 + 6^ + 2a5 - lal sin^^) rf(? 

^ 2(a + 5) rJ' / r, _ 2g^ 
Tt Jo ^ y (a + J)2 

= 2ia+i)j,rv:2S6^^- 
T [a + 5 * _ 

[Artemas Martin.] 
289 

The points P, ^, ^, S, T, IT are the vertices of a regular hexagon inscribed 
in a circle with centre 0. Join PJi, cutting OQ in A ; AS, cutting OR in £ ; 
^r, cutting OS in C; etc. Prove that OA, OB, 00, OD, etc. are propor- 
tional to the reciprocals of the natural numbers 1, 2, 3, 4, etc. [ Yale.] 



sin^l? 



dd 



60 SOLUTIONS — EXERCISE. 

SOLUTION. 

If 0P= R, OA = \R. The triangles, AOB and BBS are similar; 
.-. OB = ^BR = ^R. The triangles OBC and TCS are similar and OB = 
^R = iST; .: OC = iCS = iR. And so on. 

.-. OP: OA : OB: OC: ... :: 1 :i: J :}: ... . [W. B. Richards.] 
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If a triangle be cut out of paper and doubled over so that the crease 
passes through the centre of the circumscribing circle and the angle A, the 
area of the triangular double-part will be 

ib^ sin^C'cos (7cosec (2C — B) sec (<7— B) ; 
the angle C being greater than B. [ Yale.'] 

SOLUTION. 

Call O the centre of the circumscribed circle OA cuts BC in D. Make 
IADF= /_ADC. DF cuts AB in F. Take DE on DC = DF. Then 
DAE is the triangle required. 

We know that /^ADE = 90° — {C — B), and / BAD = Z»J[^ = 90° — 
C; also 

area DAE = ^^^ fnf^^^t/d^^- 
^ sin(Z>^^+-4Z>^) 

5 sin G 



But ^Z>: 



sin,>li>^' 

^,^ . l^sm'^GsmDAE 

area DAK - 



^s^rADE^iMDAE~^^^ADE) 
\h^ sin 2 C cos Csec (C — ^) cosec (2C — B\ 

\T. U. Tmjlor.] 



EXERCISE. 
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A hollow sphere, external and internal radii R and r, and specific gravity 
s, is partlj^ filled with water, and iloats in a pond, the water in the sphere being 
on a level with the surface of the pond. Find the quantity of water in the 
hollow sphere. [Artemas Martin.] 



